Let a 1 , . . . , a L be relatively prime. We think of them as coin denominations. Let M = LCM (a 1 , . . . , a L ) and let CH(n) be the number of ways to make change of n cents. We show there is an exact piece wise formula for CH(n). The pieces are polynomials that depend on n mod M . We show that many of the pieces agree on all but the constant term. These results are not new; however, our treatment is self-contained, unified, and elementary.
Introduction
Throughout this paper we let:
1. a 1 , a 2 , . . . , a L be coin denominations. Assume you have an unlimited number of each coin.
They need not be distinct. Think of having red nickels and blue nickels.
2. M = LCM(a 1 , . . . , a L ).
3. M ′ = LCM(GCD(a 1 , a 2 ), GCD(a 1 , a 3 ), . . . , GCD(a L−1 , a L )).
Notation 1.1
If a 1 , . . . , a L are given then CH(n) is the number of ways to make change of n cents. Sylvester called CH(n) the denumerant.
Our third result is that
This result is attributed to Schur by Riordan [12] , Wilf [14] , and all of the papers and books cited above that mention it. Our proof is similar to the one in Wilf's book on generating functions [14] .
After we prove this we will give a geometric interpretation.
We then obtain, as a corollary, three theorems that are similar to those stated above; however, they apply to any coin set {a 1 , . . . , a L }.
Needed Lemmas
We obtain the Taylor expansion for 1 (1−x) L via combinatorics, not calculus.
Lemma 2.1 For all L,
Proof: We rewrite this as
Let S(L, n) be the number of solutions of x 1 + · · · + x L = n where x i ≥ 0. Clearly the coefficient of x n of the LHS is S(L, n). By viewing S(L, n) as the number of ways of permuting n dots and L − 1 bars we see that
. Hence the LHS and the RHS are the same.
We leave the following lemma to the reader. 
is factored completely into linear terms the factor (x − 1) occurs L times and all of the other linear factors occur ≤ L − 1 times.
Proof: Let ζ be a root of g(x). We are concerned with the multiplicity of ζ. By Lemma 2.2 ζ is a primitive dth root of unity where d divides some a i . We denote this d by d ζ . The multiplicity
Since the a i 's are relatively prime the only ζ with |{1 ≤ j ≤ L : Proof: Assume r 1 , . . . , r L are rational and f (r 1 ), . . . , f (r L ) are rational.
h(r j ) = 1, and (3) h j is a polynomial over the rationals of degree L − 1.
. Hence F and f are polynomials of degree L − 1 that agree on L points, so f = F . Since F has rational coefficients, f has rational coefficients.
Note 2.6
The above proof is based on a well-known technique, called Lagrange interpolation, to find a polynomial that goes through a given set of points.
There exists
h 0 , h 1 , . . . , h M −1 ∈ Q[x] of degree L − 1 such that CH(n) = h n mod M (n).
h ′ 0 , . . . , h ′ M ′ −1 ∈ Q[x] of degree L − 1, and rationals b 0 , . . . , b M −1 such that CH(n) = h ′ n mod M ′ (n) + b n mod M .
3.
CH(n) = n L−1 (L − 1)!a 1 a 2 · · · a L + O(n L−2 ).
Proof:
The value of CH(n) is the coefficient of
and our theorem is trivially true.) For all i o ≤ i ≤ L, 1 ≤ j ≤ a i − 1, let α ij be the jth a i th root of unity (we think of 1 as being the 0th root of unity). Let n ij be the number of times the factor
Since a io ≥ 2 none of the α ij are 1. This will be important in the proof of part 3.
We rewrite f (x) using partial fractions and Lemma 2.1 to obtain
e=0 COE(n, e)n e where the COE(n, e) are functions of the α n ij .
1) Since α ij is an a i th root of unity, α
. Therefore the coefficients only depend on n mod M.
Clearly h r is a polynomial in n of degree L − 1 and CH(n) = h n mod M (n). Since there is an infinite number of n ∈ N (namely all n ≡ r (mod M)) such that h r (n) ∈ N, by Lemma 2.5 the coefficients of h r are rational numbers. Hence
Note that h r (n) and h ′ r (n) only differ with regard to whether k starts at 1 or 2. For 0
Clearly the b r 's are constants (we later show they are rational) and
For e ≥ 1, the coefficient of n e in both h r (n) and h ′ r (n) are the same. We need to show that, for e ≥ 1, COE(n, e) = COE(n mod M ′ , e). Let e ≥ 1. Let X ke be such that
Fix i, j. If n ij ≤ 1 the there is no k with 2 ≤ k ≤ n ij ; therefore we assume n ij ≥ 2. So the term
such that α ij is an a i ′ th root of unity. Since α ij is also an a i th root of unity, by Lemma 2.4, α ij is a dth root of unity where
which clearly only depends on n mod M ′ .
Fix 0 ≤ r ≤ M ′ − 1 and 0 ≤ s ≤ M − 1 such that there is an infinite number of n ∈ N with n ≡ r (mod M ′ ) and n ≡ s (mod M). Hence, for an infinite number of n ∈ N, h
and the b s 's are rationals.
3)
We find A L .
Multiply both sides by
The left hand side can be rewritten as
.
As x approaches 1 (from the left), the LHS approaches
An equivalent definition of CH(n) is the number of integer points in the set
The quantity
is the volume of P 1 . Hence Theorem 3.1.3 says that the number of integer points in P n is approximately V OL(P 1 )n L−1 . Counting the number of integer points in a convex polytope, including the application to coin problems, is studied by Beck and Robins [6] .
The following is an easy corollary of Theorem 3.1.
There exists h
0 , h 1 , . . . , h M −1 ∈ Q[x] of degree L − 1 such that if n ≡ 0 (mod d) then CH(n) = h n mod M (n).
′ 0 , . . . , h ′ M ′ −1 ∈ Q[x] of degree L − 1, and rationals b 0 , . . . , b M −1 ∈ Q, such that if n ≡ 0 (mod d) then CH(n) = h ′ n mod M ′ (n) + b n mod M . 4. If CH(n) is restricted to n ≡ 0 (mod d) then CH(n) = n L−1 d L (L − 1)!a 1 a 2 · · · a L + O(n L−2 ).
Examples and Conjectures
In the Appendices we present, for a variety of coin sets, M, M ′ , h 0≤r≤M , h (1), (2), (3) hold for all coin sets?
Are the Coefficients Always Positive?
We refer to the statement for all coin sets all of the coefficients of the h-polynomials associated to them are positive as (1).
Clearly (1) does not always hold: if a coin set has a 1 = 1 then CH(1) = 0 so some coefficient of h 1 has to be negative. In Appendices C and E we present the polynomials for the coin sets We refer to the statement for the coin set {a 1 , . . . , a L }, for all coefficients c of the
Statement (2) holds for all of the coin sets we have looked at. There is a known theorem which may be relevant here. We describe it.
A convex rational polytope is an intersection of halfspaces such that all of the corner points have rational coordinates. Recall that CH(n) is the number of integer points in the convex rational polytope
In Beck and Robins [6] The smallest difference between the b i 's is 1.0962 and the largest difference is 1.4277.
One conjecture is that there is some constant B such that for all coin sets the
Another conjecture is that there is some slow growing function h(L, a 1 , . . . , a L ) such that for the
. Similar conjectures can be made for the difference.
All of the coin sets above have no repeated coins. For the coin set {1, 19, 19, 20} the smallest b i is -6.3644 and the largest b i is 7.0953, for a difference of 13.4597. It may be that such coin sets behave very differently. Hence we only make the above conjectures for coin sets where all of the coins are distinct.
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